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Abstract With plasma shielding effects of the Debye-Hu¨ckel
model, we investigate the relativistic photoionization pro-
cesses of H, Nb40+ and Pb81+ plasmas in the H-isoelectronic
series. The shielded nuclear potential of Yukawa-type expe-
rienced by the electron is parameterized by Debye-length
D. To account for relativistic effects non- perturbatively, we
solve the Dirac equation for the bound as well as continuum
wavefunctions. Contributions from multipole fields are cal-
culated for high incident photon energies, while the angular
distribution and spin polarization parameters of photoelec-
trons are provided in the electric-dipole approximation. Our
results of photoionization cross sections for the H plasma
agree with other available theoretical calculations. The in-
terplay between the relativistic and plasma shielding effects
on the photoionization parameters is also studied.
Keywords Photoionization, Multipole effect, Debye
plasma, Hydrogen atom, Hydrogen-like ions
PACS 31.15.xr; 31.30.jc; 32.80.Fb; 52.25.Jm
1 Introduction
Spectroscopic diagnostics of laboratory and astrophysical
plasmas has stimulated interests of experimental and theo-
retical studies in the past decades. Specifically, precise mod-
eling for properties of plasmas demands accurate photoion-
ization data. Debye plasmas are weakly coupled plasmas to
comply with Debye-Hu¨ckel model with a shielding nuclear
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potential of Yukawa-type [1,2,3,4,5]. There is a broad cate-
gory of plasmas in laboratories, astrophysical objects, and
terrestrial as well as interstellar spaces, which are classi-
fied as Debye plasmas. In recent years, relativistic and non-
relativistic calculations have been performedwithin the elec-
tric dipole and quadrupole approximations to study plasma
shielding effects in the photoionization process of hydrogen-
like ions submerged in Debye plasmas [6,7,8,9,10,11,12,
13,14,15,16]. Emphasis has been on comparative influences
of plasma shielding lengths on the near-threshold photoion-
ization process in a variety of Debye plasmas. There are also
researches on the photoionization process of the H atom,
hydrogen-like ions, and lithium-like ions submerged in mod-
ified Debye-Hu¨ckel potential or exponential-cosine-screened
potential [17,18,19]. The relativistic and plasma screening
effects on atomic structure, energy level, and atomic colli-
sions for various kinds of screening potential have also been
studied [20,21,22,23,24,25,26].
In the present paper, we investigate the relativistic pho-
toionization processes of the ground-stateH atom and hydrogen-
like ions Nb40+ and Pb81+ in Debye plasma environments
for plasma diagnostics. It is noteworthy that to ionize a deeply
bound electron in ions Nb40+ and Pb81+ required high pho-
ton energies; therefore, theoretical frameworks under the electric-
dipole (E1) approximation will be inappropriate. With this
regard, it is necessary to go beyond E1 approximation to
include all possible multipoles that will give notable contri-
butions. As proposed by most available theoretical investi-
gations, we adopt the Debye-Hu¨ckel model to account for
plasma shielding effects. The effective plasma shielded po-
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tentials are parameterized by Debye-lengths. To study the
interplay between the relativistic and shielding-length ef-
fects, we have carried out calculations employing various
Debye-lengths. It is pointed out that a complete analysis
of photoionization processes requires the knowledge of the
spin polarization as well as the angular distribution of the
photoelectrons in addition to the photoionization cross sec-
tion [27,29]. In the present calculations, all significant mul-
tipole contributions for photoionization cross sections are
calculated to achieve accurate total photoionization cross
sections while angular distribution and total spin polariza-
tion of photoelectrons are given in the E1 approximation
omitting the interferences arising from high-ordermultipoles.
The angular distribution and total spin polarization param-
eter are provided primarily for prototypical characteristic
analyses. A comprehensive study of the non-dipole interfer-
ence effects on the angular distribution and total spin polar-
ization parameters is undertaken and will appear in a follow-
ing paper.
In the following sections, atomic units are employed.
The theoretical method used in this paper is given in Sect. 2.
In Sect. 3, results from present calculations including pho-
toionization cross section, angular distribution and spin po-
larization parameters are presented with discussions. Con-
clusions are summarized in Sect. 4.
2 Theoretical Method
2.1 Photoionization parameters
The basic transition matrix of photoionization process for a
single-electron atomic system has the form [27],
Tf i =
4pi2p f E f
ωc
〈Ψf |α · εˆeik·r|Ψi〉 (1)
where Ψi and Ψf are the initial and final state, respectively,
of the single-electron system. The incident photon has the
momentum k and polarization εˆ; the outgoing photoelec-
tron has the momentum pf and energy E f . The final stateΨf
of the photoelectron is normalized such that the differential
cross section is given by
dσ f i
dΩ
= |Tf i|2 (2)
The perturbing field can be expanded in a sum of electric
and magnetic multipole terms v
(λ )
jm
α · εˆeik·r = v+ = ∑
λ jm
v
(λ )
jm (3)
where the number j corresponds to the 2 j-pole transitions,
and λ represents the type of transition (λ = E,M stands for
the electric transition and magnetic transition respectively).
Each term in (3) will induce photoionization channels with
final states having the same angular momentum and parity
as the perturbation. The transition amplitude from the initial
state to one such final state is given as
T
(λ )
j = ∑
α
〈ub|v(λ )jm |ua〉 (4)
where the summation is over all possible photoionization
channels allowed by the perturbation v
(λ )
jm . We use the chan-
nel index α to denote transition channel a = (naκa)→ b =
(nbκb) associated with transitions, allowed by the perturba-
tion v
(λ )
jm , of an electron excited from a bound orbital ua(r)
to a continuum orbital ub(r). We may express the photoion-
ization channel amplitudes in terms of reduced matrix ele-
ments, viz.,
〈ub|v(λ )jm |ua〉=
(
jb m ma
mb j ja
)
Dα(λ j) (5)
where ja and ma denote angular-momentum quantum and
the magnetic quantum number, respectively, of an orbital
ua(r). We refer the interested readers to [27] for furthermore
descriptions of the reduced matrix elements Dα(λ j).
The total photoionization cross section for an electron in
state (nκ) is given by [27]:
σnκ =
4pi4c
ω(2 j0+ 1)
σ¯nκ (6)
where
σ¯nκ = ∑
λ jα
D2α(λ j)
= ∑
jα
[D2α(E j)+D
2
α(M j)] (7)
Here Dα(E j) and Dα(M j) are the photoionization reduced
matrix elements corresponding to channels α arising from
electric and magnetic 2 j-pole excitations, respectively. In
the electric-dipole approximation, it is conventional to ab-
breviateDα(E1) using the shorthand notationD jα ≡Dα(E1),
where jα is the total angular momentum of the photoelec-
tron in channel α .
The angular distribution and spin polarization of photo-
electrons have been derived for an arbitrarily polarized in-
cident photon including all multipole transitions [27]. As
a simple example, under the electric-dipole approximation
for circular polarized incident photon, the differential cross
section and spin polarization of photoelectrons are given by
[27]
dσnκ
dΩ
=
σnκ
4pi
[1− 1
2
βnκP2(cosθ )] (8)
Px(θ ,φ) =
±ξnκ sinθ
1− 1
2
βnκP2(cosθ )
(9)
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Fig. 1 Coordinate system XY Z and xyz.
Py(θ ,φ) =
ηnκ sinθ cosθ
1− 1
2
βnκP2(cosθ )
(10)
Pz(θ ,φ) =
±ζnκ cosθ
1− 1
2
βnκP2(cosθ )
(11)
where n and κ are, respectively, the principle and angular
quantum numbers, while the ± signs are for photon with
positive or negative helicity and θ denotes the angle between
the momentum p of the ejected electron and the momentum
k of the incident photon. The coordinate systems adopted
for observations are prescribed below. We define a fixed co-
ordinate system XY Z such that the Z axis is in the direction
of the photon flux, and X axis can be chosen in any conve-
nient direction perpendicular to Z axis. A rotated coordinate
system xyz is determined from the fixed coordinate system
XYZ by rotations with Euler angle (φ ,θ ,0). The rotated co-
ordinate system xyz is chosen such that the z axis, making
the angle θ withe the Z axis, is the direction of the outgoing
photoelectron and the y axis is normal to both the Z and z
axes. The spin polarization of the photoelectron is defined
with respect to the rotated coordinate system xyz. The rela-
tive orientation of these two coordinate systems is shown in
Fig. 1.
The five parameters σnκ , βnκ , ξnκ , ηnκ and ζnκ are in-
herent in the dynamical properties associated with the pho-
toionization process. In (8), σnκ is the total photoionization
cross section integrated over all photoelectron angles, while
βnκ is the angular asymmetry parameter of the differential
photoionization cross section. From (9) to (10), ξnκ , ηnκ and
ζnκ are, in turns, the spin-polarization parameters related to
0
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Fig. 2 Polar diagram showing dσnκ/dΩ as function of emission angle
θ of photoelectrons. The radius at a specific polar angle θ indicates the
magnitude of dσnκ/dΩ at that angle. The red, black and blue curves
correspond to βnκ = 0,2 and -1, respectively.
the spin-polarizations of photoelectrons in the x, y and z di-
rections, respectively. As we can seen from (8)-(11), the an-
gular information about the differential cross section and the
spin polarization of photoelectron is incorporated into the
dynamical parameter βnκ , ξnκ , ηnκ and ζnκ . The total spin
polarization of photoelectrons are found to be PX = PY = 0
and PZ = δnκ S3, where δnκ is the total spin polarization pa-
rameter defined by
δnκ =
1
3
(ζnκ − 2ξnκ) (12)
It is noticed that PZ depends linearly on the Stokes parameter
S3.
The angular distribution of photoelectrons is character-
ized by the asymmetry parameter βnκ . For illustration pur-
poses, we present a polar diagram of dσnκ/dΩ as functions
of emission angles θ of photoelectrons via photoionization
of s subshell electrons in Fig. 2 within E1 approximation.
The radii at various angles θ represent the magnitudes of
dσnκ/dΩ . Since −1 ≤ βnκ ≤ 2 owing to the requirement
that dσnκ/dΩ can not be smaller than 0, here we have cho-
sen βnκ =−1,0 and 2 as representative examples. As Fig. 2
shows, the photoelectron distribution is uniform at any angle
θ when βnκ = 0. Moreover, when βnκ > 0, photoelectrons
incline to appear more likely near the angles θ = 90o. How-
ever, when βnκ < 0, photoelectrons tend to emerge more
probably around the angles θ = 0o and 180o.
In the electric-dipole approximation, for unpolarized single-
electron targets in the 2S1/2 ground states, the allowed j j-
coupling photoionization channels of the 1s electron are sum-
marized below.
Channel 1 : 1s→ ε p1/2
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Channel 2 : 1s → ε p3/2
where ε represents the photoelectron energy. In such cases,
there are only two electric-dipole amplitudes and one rela-
tive phase; hence only three independent dynamical param-
eters are possible. Furthermore, it is thus legitimate to select
the 3 dynamical parameters σ1s, β1s and δ1s to be indepen-
dent. For brevity, we use the notations D1/2 and D3/2 to de-
note the reduced photoionization amplitudes corresponding
to channels 1 and 2, respectively. The explicit expressions of
these parameters in terms of D1/2 and D3/2 can be expressed
as [27,28]:
σ1s =
2pi4c
ω
(|D1/2|2+ |D3/2|2) (13)
β1s =
|D3/2|2+
√
2(D1/2D
∗
3/2+D3/2D
∗
1/2)
|D1/2|2+ |D3/2|2
(14)
δ1s =
5|D3/2|2− 2|D1/2|2− 2
√
2(D1/2D
∗
3/2+D3/2D
∗
1/2)
6(|D1/2|2+ |D3/2|2)
(15)
The above three independent parameters suffice to describe
the photoionization process completely in the E1 approxi-
mation. It is worth noting that, in the non-relativistic limit,
the angular asymmetry and spin-polarization parameters β1s
and δ1s will attain constant values 2 and 0, respectively. In
cases of high incident photon energies while multipole ef-
fects are significant, it is also worthwhile to point out that the
interferences among multipole transition amplitudes arising
from photoionization channels induced by different multi-
poles must be carefully accounted for to achieve accurate
β1s and δ1s.
2.2 Debye-Hu¨ckel model
A wide group of laboratory and astrophysical plasmas are
Debye plasmas. For Debye plasmas, the electron potential
of a single-electron atomic system is given by
VD(r) =−Z
r
e−r/D (16)
within the Debye-Hu¨ckel model[1,2,3,4,5]. In (16), Z is the
nuclear charge andD donates the Debye length, respectively.
The Debye length D is proportional to the square root of
the electron temperature divided by electron density. To vi-
sualize the plasma shielding on the nuclear potentials us-
ing hydrogen as an example, we depict the plasma shielded
potentials with different Debye lengths D = 1, D = 2 and
D = 10 in Fig. 3. As Fig. 3 shows, short Debye length mani-
fests stronger plasma shielding on the nuclear charge in De-
bye plasmas. A Debye plasma with infinite Debye length is
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Fig. 3 Debye-Hu¨ckel potentials with different shielding Debye
lengths in neutral H atoms.
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Fig. 4 The charge distribution of 1s electron in H atom embedded in
Debye plasmas with Debye length D = 1, D = 2 and D = 10.
indeed equivalent to a free atom, i.e. an unshielded atomic
system with Coulomb nuclear potential. Furthermore, Fig.
3 indicates that discrete states are not supported for atomic
systems imbedded in Debye plasmas with minuscule De-
bye lengths since the Coulomb nuclear potential is highly
shielded off. In Fig. 4, we plot the corresponding charge
distributions associated with the individual shielded poten-
tials given in Fig. 3. It consistently shows that the loosely
bounded atomic electron is attracted toward the nuclear be-
cause of the strong shielding of the nuclear potential by the
plasma surroundings.
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2.3 Wave functions
In this subsection, we give a theoretical account for obtain-
ing the bound state and continuum state wavefunctions. Our
approach is based on the relativistic single-electron Hamil-
tonian incorporated with Debye-Hu¨ckel model
H = cα ·p+(β − 1)c2+VD(r) (17)
where VD(r) is Debye-Hu¨ckel potential given in Eq. (16).
The orbital wavefunctions ua(r) are assumed to be in the
central-field form
ua(r) =
1
r
(
Gnaκa(r)Ωκama(θ ,φ)
iFnaκa(r)Ω−κama(θ ,φ)
)
(18)
where a denotes the quantum numbers a = (naκa), and the
angular functionsΩκm are normalized spherical spinors. The
normalized spherical spinors are defined as
Ωκm = Ω jlm = ∑
Mµ
〈lM 1
2
µ | jm〉YlM(rˆ)χµ (19)
whereYlM is the spherical harmonics, and χµ the spinor with
s = 1/2 and sz = µ .
We introduce the two-component radial orbitals
ua ≡ ua(r) =
(
Gnaκa
Fnaκa
)
(20)
and define the radial Hamiltonian operator as
ha ≡ ha(r) =


VD(r) −c
(
d
dr
− κa
r
)
c
(
d
dr
+ κa
r
)
VD(r)− 2c2

 (21)
where c is the speed of light. Subsequently, the radial orbital
equation for orbital ua is given by [29,30]
(ha− εa)ua = 0 (22)
(i) For bound state orbital with εa < 0 , we impose the
following boundary conditions for ua:
Ga(r = 0) = 0 (23)
Fa(r = 0) = 0 (24)
Ga(r → ∞) = 0 (25)
Fa(r → ∞) = 0 (26)
The bound state orbitals are normalized to 1.
(ii) For continuum state orbital with εa > 0, orbitals ua
are subject to the following boundary conditions:
Ga(r = 0) = 0 (27)
Fa(r = 0) = 0 (28)
ua(r → ∞) −→ cosδa fa + sinδaga (29)
fa(r → ∞) −→ 1
c


√
εa+2c2
pi pa
cosXa
−
√
εa
pi pa
sinXa

 (30)
ga(r → ∞) −→ −1
c


√
εa+2c2
pi pa
sinXa√
εa
pi pa
cosXa

 (31)
Xa = par+
µ(2par)
n
− (l + 1)pi
2
+λa (32)
µ =
Z(εa + c
2)
cpa
(33)
The parameters δa and λa in (29) and (32) correspond to the
Coulomb and non-Coulomb phase shifts, individually. The
continuum orbitals are normalized on the energy scale.
With the bound and continuum orbitals determined sepa-
rately, the multipole photoionization amplitudes are obtained
in terms of the multipole reduced matrix elements Dα(E j)
andDα(M j) introduced in (7). Explicit expressions ofDα(E j)
andDα(M j) suitable for numerical evaluations are presented
in Appendix C of the first article in [27].
3 Results and Discussions
In the present study, we carry out calculations beyond the E1
approximation to include all multipoles giving significant
contributions to the total photoionization cross sections. The
omitted contributions from remaining higher multipoles are
estimated to be smaller than one part per ten thousand com-
pared to the converged cross sections. In the meanwhile, the
angular distribution parameter β1s and spin-polarization pa-
rameter δ1s are calculated in the E1 approximation with in-
terferences from all higher multipoles truncated. We present
results for the photoionization cross section, as well as angu-
lar distribution and spin polarization of photoelectrons from
present calculations in the following Sects. 3.1 and 3.2, re-
spectively. It is remarked that we estimate the relative nu-
merical uncertainty to be at the order 10−6 in the present cal-
culations employing a double-precision numerical scheme.
For this reason, the resulted presented from our calculations
are given with five significant digits.
To demonstrate the influence of plasma shielding effects
on the binding energy of the 1s electron, we give, in Table
1, the dependence of binding energy I1s on several scaled
shielding lengths for H, Nb40+ and Pb81+. The binding en-
ergy exhibits an expected feature: as the shielding lengths
being shortened, the binding energy will be diminished as
well, due to the enhanced shielding off the nuclear charge by
the plasma environment. In particular, ∆ → 0 corresponds
to full shielding off the nuclear charge, the 1s electron be-
comes a free electron in consequence. In contrast, ∆ = ∞
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Table 1 Binding energies in a.u. for ground-state H atom and H-like
ions Nb40+ and Pb81+ with various scaled shielding lengths ∆ .
∆ I1s I¯1s = I1s/Z
2
H Nb40+ Pb81+ H Nb40+ Pb81+
1.0 0.0103 20.5701 140.3718 0.0103 0.0122 0.0209
1.1 0.0228 43.3350 257.6358 0.0228 0.0258 0.0383
1.2 0.0372 69.0819 383.2744 0.0372 0.0411 0.0570
1.4 0.0675 122.6082 633.5476 0.0675 0.0729 0.0942
1.6 0.0969 173.8025 865.1625 0.0969 0.1034 0.1287
2.0 0.1481 262.5175 1255.8698 0.1481 0.1562 0.1868
3.0 0.2368 414.6706 1906.2227 0.2368 0.2467 0.2835
5.0 0.3268 567.7840 2544.0468 0.3268 0.3378 0.3784
10.0 0.4071 703.5982 3099.6242 0.4071 0.4186 0.4610
50.0 0.4803 827.0424 3597.8251 0.4803 0.4920 0.5351
∞ 0.5000 860.1797 3730.5741 0.5000 0.5117 0.5548
We use symbol I1s to denote the absolute binding energy. The scaled
binding energy I¯1s is defined as I¯1s = I1s/Z
2 where Z is the atomic
number. It is seen that I¯1s is identical to I1s for H atom since Z = 1.
corresponds to zero shielding off the nuclear charge in co-
incidence with a pure Coulomb instance. Since we employ
a relativistic framework applying Dirac equation, the rela-
tivistic effects are taken into account from the outset. For
unrevealing the effects interplayed by the shielding and rela-
tivity, we depict, in Fig. 5, the logarithms of the scaled bind-
ing energy with respect to the inverse of the scaled shielding
lengths for H, Nb40+ and Pb81+. Here the scaled binding
energy is defined as I1s/Z
2. It is evident that the logarithms
of scaled binding energy depend almost linearly on the in-
verse of the scaled shielding length near the zero-shielding
end, especially for ∆−1 < 0.15. In the linear region, we may
ascribe the characteristics of binding energy to be predom-
inantly affected by relativistic effects, showing a Z2 depen-
dence of I1s as in the Coulombic case. For ∆
−1 > 0.15, as
plasma shielding effects come into play, the scaled binding
energy deviates from a linear relation with ∆−1. The shield-
ing effects in conjunction with the relativistic effects seem
to enlarge the relative difference between the binding en-
ergies of a H-like ion and neutral H atom at a certain ∆ ,
a self-explanatory evidence which we may judge from the
widened separation between the Nb40+ and Pb81+ curves in
Fig. 5.
3.1 Photoionization cross section
Table 2 shows our results for the total photoionization cross
sections of the H atom in its 2S1/2 ground-state within E1
approximation,where comparisons with calculations of [10]
and [14] are made. It is observed that the agreements among
different calculations are good with discrepancies less than
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
-2.0
-1.8
-1.6
-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
 0.90105
 0.87525
 0.81624
Slope
Pb81+
Nb40+
 H
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g 1
0(I
1s
/Z
2 )
Fig. 5 Graph plotting logarithm of scaled binding energy I1s/Z
2
against the inverse of Debye scaled shielding length ∆−1 for H atom to-
gether with H-like ions Nb40+ and Pb81+ ions. Solid lines are obtained
from solving Dirac equations with plasma shielding effects included.
Dot lines are best fitted linear functions using ∆−1 ≤ 0.15 for individ-
ual solid lines. The slopes of corresponding dot lines are also given.
Table 2 Total photoionization cross sections in megabarn (Mb) for the
ground state of hydrogen atom in the electric-dipole approximation
with scaled shielding lengths ∆ = 5 and ∆ = 20.
∆ ω Present [10] [14]
5 0.453 7.2723[+0] 7.2724[+0] 7.2724[+0]
0.455 7.1904[+0] 7.1904[+0] 7.1904[+0]
1 8.6060[−1] 8.6058[−1] 8.6060[−1]
10 7.7809[−4] 7.7848[−4] 7.7742[−4]
20 0.453 8.2359[+0] 8.2328[+0] 8.2404[+0]
0.455 8.0247[+0] 8.0223[+0] 8.0221[+0]
1 9.2627[−1] 9.2627[−1] 9.2640[−1]
10 8.1699[−4] 8.1693[−4] 8.1632[−4]
Numbers in the brackets denote powers of 10.
0.1%. The origin of the slight discrepancies are probable
due to different numerical schemes adopted in distinct ap-
proaches. It is found that, as expected, summarized multi-
pole contributions other than E1 contributions are smaller
than 0.01% of the exact cross sections for neutral H atom
in the photon energy range of interest, from ω = 1.0I1s to
2.0I1s. Nevertheless, it is crucial to take multipole effects
beyondE1 approximation into account for Nb40+ and Pb81+
because of their relativelymuch higher binding energieswhich
require high incident photon energies to induce photoelec-
trons.
To explicate the importance of multipole effects on near-
threshold photoionization processes in ions Nb40+ and Pb81+
in the ground-states, we pick a photoelectron energy as low
as 0.5 a.u. for obtaining total photoionization cross sections
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Table 3 Near-threshold total photoionization cross sections σ1s in Mb for H-like ions Nb
40+ and Pb81+ in the ground states with scaled shielding
lengths ∆ = 2, 10, 50 and ∞. Numbers in brackets denote powers of 10.
Nb40+ Pb81+
∆ σ
(Exact)
1s σ
(E1)
1s R σ
(Exact)
1s σ
(E1)
1s R
2 8.5300[−3] 8.4989[−3] 0.36% 1.6823[−3] 1.6526[−3] 1.76%
10 4.2611[−3] 4.2083[−3] 1.24% 8.5206[−4] 8.0969[−4] 4.97%
50 3.6654[−3] 3.6058[−3] 1.63% 7.3554[−4] 6.8949[−4] 6.26%
∞ 3.5257[−3] 3.4639[−3] 1.75% 7.0837[−4] 6.6121[−4] 6.66%
Deviation R ≡ 100%× [σ (Exact)1s −σ (E1)1s ]/σ (Exact)1s , where σ (E1)1s is the total cross section obtained within the E1 approximation while σ (Exact)1s
is the fully converged total cross section achieved with higher multipole contributions included. The photoelectron energy is assigned as barely as
0.5 a.u. to reflect circumstances of photoionization processes virtually happening at the thresholds.
σ1s to clarify this point. In Table 3, we present the achieved
exact σ
(Exact)
1s by summing over all multipoles with notable
contributions together with the σ
(E1)
1s within the E1 approx-
imation for H-like ions Nb40+ and Pb81+. In addition, a de-
viation R which stands for the measure of relative discrep-
ancy between σ
(E1)
1s and σ
(Exact)
1s is given as well. In pre-
cise notation, the deviation R is define as R ≡ [σ (Exact)1s −
σ
(E1)
1s ]/σ
(Exact)
1s . The scaled shielding length are chosen at
∆ = ZD = 2, 10, 50 and ∞. The results in Table 3, with R
ranging from 0.36% to 6.66%, clearly demonstrate that mul-
tipole effects beyond the E1 approximation actually affect
significantly on the photoionization processes even occur-
ring virtually at the ionization threshold. It is worth noticed
that, in practice, we use (7) to achieve converged total cross
sections by summing over multipoles (E1,M1)→ (E5,M5)
and (E1,M1)→ (E10,M10) for Nb40+ and Pb81+, corre-
spondingly. The contributions from all left over higher mul-
tipoles are estimated to be less than 0.01% of the converged
results.
To examine the multipole effects on the total photoion-
ization cross sections of ions Nb40+ and Pb81+ at incident
photon energies departing away from ionization threshold,
here we introduce the reduced photon energy ω¯ by the defi-
nition ω¯ ≡ ω/I1s, with ω being the true photon energy and
I1s the binding energy. It is emphasized that ω¯ is dimen-
sionless and we multiply binding energy I1s by ω¯ to give the
true photon energyω . In other words, ω¯ corresponds to ω in
unit of binding energy I1s. In the present study, the reduced
photon energies of interest are in the region between 1.01
and 2.00 corresponding to true photon energies ranging from
1.01I1s and 2.00I1s. With the same set of scaled shielding
lengths for Table 3, in Table 4, we present σ
(Exact)
1s , σ
(E1)
1s
and R for ions Nb40+ and Pb81+ at exemplary ω¯ = 1.01, 1.3,
1.6 and 2.0. As we can see, multipole contributions to total
photoionization cross sections are raised with increasing ω¯ .
In Fig. 6, we plot the total photoionization cross sections
against the reduced photon energy for Nb40+. Besides, a
similar plot for total photoionization cross sections of Pb81+
is presented in Fig. 7. The appearing resemblance between
Fig. 6 and Fig. 7 is owing to the advantage of employing
the reduced photon energy as an alternative to the true pho-
ton energy; therefore, possible scaling between the results
of Nb40+ and Pb81+ is implied. In Fig. 6 and Fig. 7, respec-
tively, the left panels show the exact cross sections σ
(Exact)
1s
together with the E1 approximated cross sections σ
(E1)
1s , in
the meantime the deviations R are depicted in the right pan-
els. From the right panels in Fig. 6 and Fig. 7 individu-
ally, it is evident that non-electric dipole contributions are
enhanced with shielding lengths ∆ prolonged, as we may
observe from the consonantly enlarged deviations R. Fur-
thermore, it is observed that the deviations R depend ap-
proximately linearly on the reduced photon energies for ion
Nb40+. On the other hand, an approximately linear depen-
dence of R on ω¯ is seen for ion Pb81+ as well.
Attentions are also paid to the influences of shielding
lengths∆ on the linearity property of R as functions of ω¯ , we
find the following two aspects in consequence: (1) in strong
shielding case with small ∆ , the better the linearity relations.
(2) The greater the shielding lengths, the linearity is mildly
distorted and qualitatively correct. Although Fig. 6 and Fig.
7 resemble each other, we discover thatσ
(E1)
1s [Nb
40+]/σ
(E1)
1s [Pb
81+]
is on average 5.02 and 5.00, respectively, close to the thresh-
old and at the ω¯ = 2.0 end. Moreover, larger R is unfolded
for Pb81+ in comparison with Nb40+, which embodies the
fact that multipole effects should be included for Pb81+ are
in five orders higher than those should be included for Nb40+,
as a result of higher binding energy combined with more
prominent relativistic effects in Pb81+. We also inspect the
ratio R[Pb81+]/R[Nb40+] for various ∆ in the vicinity of the
ionization threshold and at the ω¯ = 2.0 end. It is found that
the ratios are between 3.81 and 4.86 with an average of 4.21
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Table 4 Total photoionization cross sections σ1s in Mb for H-like ions Nb
40+ and Pb81+ in the ground states with scaled shielding lengths ∆ = 2,
10, 50 and ∞.
Nb40+ Pb81+
∆ ω¯ σ
(Exact)
1s σ
(E1)
1s R σ
(Exact)
1s σ
(E1)
1s R
2 1.01 8.4136[−3] 8.3825[−3] 0.37% 1.6534[−3] 1.6237[−3] 1.80%
1.30 5.4120[−3] 5.3799[−3] 0.59% 1.0359[−3] 1.0053[−3] 2.95%
1.60 3.7054[−3] 3.6735[−3] 0.86% 6.9423[−4] 6.6435[−4] 4.30%
2.00 2.4248[−3] 2.3942[−3] 1.26% 4.4445[−4] 4.1646[−4] 6.30%
10 1.01 4.1676[−3] 4.1143[−3] 1.28% 8.3225[−4] 7.8934[−4] 5.16%
1.30 2.2467[−3] 2.1876[−3] 2.63% 4.4944[−4] 4.0142[−4] 10.69%
1.60 1.3280[−3] 1.2735[−3] 4.11% 2.6753[−4] 2.2359[−4] 16.42%
2.00 7.4214[−4] 6.9661[−4] 6.13% 1.5196[−4] 1.1588[−4] 23.74%
50 1.01 3.5777[−3] 3.5173[−3] 1.69% 7.1752[−4] 6.7079[−4] 6.51%
1.30 1.8405[−3] 1.7748[−3] 3.57% 3.7603[−4] 3.2408[−4] 13.82%
1.60 1.0499[−3] 9.9198[−4] 5.52% 2.1907[−4] 1.7315[−4] 20.96%
2.00 5.6678[−4] 5.2088[−4] 8.10% 1.2212[−4] 8.5955[−5] 29.62%
∞ 1.01 3.4393[−3] 3.3768[−3] 1.82% 6.9079[−4] 6.4291[−4] 6.93%
1.30 1.7464[−3] 1.6790[−3] 3.86% 3.5926[−4] 3.0628[−4] 14.75%
1.60 9.8693[−4] 9.2830[−4] 5.94% 2.0820[−4] 1.6185[−4] 22.26%
2.00 5.2810[−4] 4.8235[−4] 8.66% 1.1556[−4] 7.9468[−5] 31.23%
The notations σ
(E1)
1s and σ
(Exact)
1s and R are the same as those defined in Table 3. The photoelectron energy is assigned as barely as 0.5 a.u. to
reflect circumstances of photoionization processes virtually happening at the thresholds. The reduced photon energy ω¯ ≡ ω/I1s with ω and I1s
being the true photon and binding energies, respectively, is as introduced in the context.
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Fig. 6 Left panel: plot of total cross sections of the H-like ion Nb40+ in Mb with various Debye lengths D indicated in the plot. Solid lines are
exact cross sections σ
(Exact)
1s while dot lines correspond to results within the E1 approximation, denoted by σ
(E1)
1s . Right panel: plot of deviations
R. The deviation R is a measure of relative discrepancy between σ
(Exact)
1s and σ
(E1)
1s . In precise notation, R ≡ [σ (Exact)1s −σ (E1)1s ]/σ (Exact)1s . It is
remarked that σ
(Exact)
1s , with uncertainty smaller than 0.01%, is achieved by summing over contributions from transitions induced through electric
multipoles E1 to E5 and magnetic multipoles M1 to M5.
surrounding the ionization threshold whereas they range from
3.61 to 5.00 with a mean of 3.90 at the ω¯ = 2.0 end, an
interesting outcome raised to be compared with the ratio
Z2[Pb]/Z2[Nb] = 822/412= 4.00. To reveal how plasma shield-
ing affect multipole effects, the slopes of R, symbolized by
m, for each ∆ are also best estimated. With ∆ varying from
2 to ∞, the slope m monotonically increases from 0.91 to
6.92 for Nb40+, and it rises from 4.57 to 24.6 for Pb81+in
parallel. Since the slope m and ∆ are positively correlated,
it is illustrated that multipole effects are softened as plasmas
shielding effects being intensified. Another interesting indi-
cator for probing is the ratio m[Pb81+]/m[Nb40+] for distinct
∆ . The ratios m[Pb81+]/m[Nb40+] scope from 3.56 to 5.04
with an average of 4.12, an aftermath comparable to that of
R[Pb81+]/R[Nb40+].
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Fig. 7 Left panel: plot of total cross sections of the H-like ion Pb81+ in Mb with various Debye lengths D indicated in the plot. Solid lines are
exact cross sections σ
(Exact)
1s while dot lines correspond to results within the E1 approximation, denoted by σ
(E1)
1s . Right panel: plot of deviations
R. The deviation R is a measure of relative discrepancy between σ
(Exact)
1s and σ
(E1)
1s . It is remarked that σ
(Exact)
1s , with uncertainty smaller than
0.01%, is achieved by summing over contributions from transitions induced through electric multipoles E1 to E10 and magnetic multipoles M1 to
M10.
Aside from the aforementioned features, detailed exam-
inations of present calculations with ∆ = 1 show that the
contributive portions arising from the non-electric dipole ef-
fects to the total ionization cross section are indeed smaller
than 1% of the exact result for both ions Nb40+ and Pb81+.
It means that E1 approximation is satisfactory for acquiring
a total photoionization cross section accurate to 99% under
the ∆ = 1 conditions corresponding to ultra plasma shield-
ing. In ultra plasma shielding cases with ∆ being close to
1, it is plausible to anticipate that, for incident photon en-
ergies of interest in the present study, frameworks within
E1 approximationwill be considerably appropriate since the
nuclear charge is significantly shielded off from the plasma
environments.
3.2 Angular distribution and spin polarization of
photoelectrons within the E1 approximation
In this subsection, within the E1 approximation, we investi-
gate the effects of plasma shielding on the angular distri-
bution and total spin polarization parameters β1s and δ1s
of photoelectrons using various scaled shielding lengths ∆
for H atom and H-like ions Nb40+ and Pb81+. Similar to
the total photoionization cross section σ1s, in situations of
high incident photon energy, it is worthwhile to point out
that high-multipole transitions beyond the E1 approxima-
tion must also be considered. This is due to the fact that
the dominant E1 amplitudes will interfere coherently with
amplitudes arising from high-multipole transitions to give
angular distribution and total spin polarization parameters.
While σ1s is given by summing incoherently over squares of
distinct multipole transition amplitudes, in contrast asym-
metry parameter β1s and spin polarization parameter δ1s are
obtained from summations over squares of terms involving
interference among different multipole amplitudes. Because
of the persistent interference terms, expressions of β1s and
δ1s are more complicate compared to σ1s. In practice, the
higher the multipole transition amplitudes to be included,
the more the complexities in the expressions of β1s and δ1s.
Here we restrict ourselves to the E1 approximation, further
attempts to include the multipole interference effects are un-
der our development.
As it is discussed in Sec. 2.1, the angular distribution and
total spin polarization parameters are 2.0 and 0.0, respec-
tively, in the non-relativistic limit. Therefore, the parameters
β1s and δ1s for H atom are not given because H atom man-
ifest itself in a rather non-relativistic behavior. Deviations
of β1s and δ1s away from 2.0 and 0.0 expose the onset of
relativistic effects leading to spin-orbit splitting of the am-
plitudes D1/2 and D3/2 introduced in (13) to (15). Due to
the splitting of the amplitudes D1/2 and D3/2 activated by
the spin-orbit couplings, β1s and δ1s depart from their non-
relativistic limits as a result. Since D1/2 and D3/2 are energy
dependent, β1s and δ1s depend on energy as well. As for the
photoionization cross section, we explore the tendencies of
β1s and δ1s with respect to the reduced photon energy in the
following.
In Fig. 8 and Fig. 9, we plot β1s as functions of the re-
duced photon energy ω¯ for Nb40+ and Pb81+, respectively.
It is seen that β1s apparently diverge from 2.0 for Pb
81+ ow-
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Fig. 8 Angular asymmetry parameter β1s versus reduced photon en-
ergy ω¯ with different scaled shielding lengths ∆ in the hydrogen-like
Nb40+ ions.
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
1.80
1.82
1.84
1.86
1.88
1.90
1.92
 
 
Pb81+
A
sy
m
m
et
ry
 P
ar
am
et
er
 
1s
Reduced Photon Energy 
Fig. 9 Angular asymmetry parameter β1s versus reduced photon en-
ergy ω¯ with different scaled shielding lengths ∆ in the hydrogen-like
Pb81+ ions.
ing to pronounced relativistic effects. In comparison, β1s for
Nb40+ deviates very slightly from 2.0 because relativistic
effects are not as noticeable as in the case of Pb81+. We see
that β1s decrease monotonically against ω¯ . A general trend
to be observed is that β1s bends farther away from 2.0 for
higher reduced photon energy equivalent to more energetic
photoelectrons, a manifestation agrees with the common un-
derstanding of relativity. Furthermore, the effects of plasma
shielding on β1s are demonstrated in Fig. 8 and Fig. 9 where
the dependence on shielding lengths ∆ are clearly shown.
We first witness that plasma shielding seems to boost the
influence of spin-orbit couplings on the asymmetry parame-
ter. As it is displayed, β1s separates more remote from 2.0 in
the course of diminishing the shielding length at a specific
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Fig. 10 Total spin polarization parameter δ1s versus reduced photon
energy ω¯ with different scaled shielding lengths ∆ in the hydrogen-like
Nb40+ ions.
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Fig. 11 Total spin polarization parameter δ1s versus reduced photon
energy ω¯ with different scaled shielding lengths ∆ in the hydrogen-like
Pb81+ ions.
ω¯. We also find that strong shielding will cause the descend-
ing rate dβ1s/dω¯ to be flattened. In ultra-shielding case with
∆ ≈ 1.0, β1s is inclined to be almost a constant with respect
to ω¯ in the entire energy region of interest. An additional
feature worth marking is that β1s with ∆ ≥ 2.0 tend toward
to coincide at a particular ω¯ ≈ 1.8 for Pb81+. Similar coinci-
dence is supposed to surface at a higher ω¯ > 2.0 outside the
purview of the present calculations for Nb40+. The showing
up of the coincidence at a special energy point originates
form the influences interplayed intricately by the relativistic
effects and plasma shielding.
The spin polarization of the total photoelectron flux is
given by Ptot =±δ , where the± signs refer to incident pho-
tons with helicity ±1 or the right (+) and left (−) circu-
Relativistic photoionization of H-isoelectronic series 11
lar polarization. The spin-polarization parameters δ1s pro-
vides the important information about the transfer of pho-
ton polarization to photoelectron polarization. Fig. 10 and
Fig. 11, respectively, show the total spin-polarization param-
eters δ1s against the reduced photon energy ω¯ for ions Nb
40+
and Pb81+ with diverse scaled shielding lengths. As we may
observe from Fig. 10 and Fig. 11, relativistic and plasma
shielding effects combined together cause δ1s to reveal fea-
ture patterns in accord with those exhibited by β1s. First,
compared to Nb40+, Pb81+ displays larger δ1s by virtue of
more dramatic relativistic effects. Second, δ1s notably dif-
fers from 0.0 for highly energetic photoelectrons. Third, the
ascending rate dδ1s/dω¯ is lowered down by lessened ∆ , and
eventually becomes nearly flat in the whole energy range as
∆ → 1. Fourth, for Pb81+ there presents a specific energy
point ω¯ ≈ 1.92 where δ1s with distinctive ∆ ≥ 2.0 appear to
converge at, a similar point of crossing is assumed to emerge
at a higher ω¯ > 2.0 for Nb40+.
4 Conclusions
In the present study we have performed a systematic study of
the photoionization processes of neutral hydrogen atom and
H-like ions Nb40+ and Pb81+ embedded in Debye plasma
environments. Several typical Debye shielding lengths are
selected to explore the plasma shielding effects.
We carry out calculations to obtain total photoioniza-
tion cross sections accurate to five significant figures from
summing over all multipoles which contribute notably. For
the H atom, it is shown that E1 approximation is practi-
cally appropriate; besides, the present predictions agree well
with available theoretical results. For high-Z H-like ions,
like Nb40+ and Pb81+, multipole contributions in addition
to the E1 contribution must be included even in the case
of near-threshold photoionization processes. Our analyses
show that multipole effects alongwith relativistic effects and
the plasma shielding effects are essential to provide accu-
rate total photoionization cross sections as functions of the
reduced photon energy.
Although the current results of angular distribution and
spin polarization parameters of photoelectrons are valid within
the E1 approximation and will be disturbed by interferences
from high-order multipole photoionization transition ampli-
tudes, they provide prototypical demonstrations of the in-
fluences due to plasma shielding on the angular distribution
and spin polarization of photoelectrons. It is evidenced that
the interplay between relativistic and plasma shielding ef-
fects does effect the angular-distribution and spin-polarization
parameters. Moreover, the influence of spin-orbit couplings
on these parameters is reinforced as plasma shielding is strength-
ened. It is noteworthy that the E1 approximation works well
in strong shielding cases with scaled shielding lengths ∆ ≈
1; therefore, the asymmetry and polarization corresponding
to such cases are practically accurate as well.
In this study, we have taken the H-atom and H-like ions
Nb40+ and Pb81+ as representatives for low-Z, medium-Z,
and high-Z elements, respectively. It is anticipated that the
general characteristics unraveled for photoionization param-
eters including total cross section, angular distribution, and
spin polarization parameters in the present calculation are
applicable to all H-like ions.
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